hydrodynamic stability of Rayleigh convection in a rectangular cavity is studied numerically. The calculation assumes that the Boussinesq fluid motion is two-dimensional. The characteristic value equations are solved by a Chebyshev spectral method. Care must be taken when obtaining the equivalent algebraic eigenproblem to avoid spurious roots and inaccurate results. Critical Rayleigh numbers are determined for various aspect ratios.
INTRODUCTION
THE RAYLEIGH convection problem is often considered a paradigm for the study of transition to turbulence. Computational models of this problem must have very high spatial resolution and hence are usually spectral. Chebyshev spectral methods for the solution of hydrodynamic stability eigenvalue problems have been developed by Orszag [l] . The numerical results [l-4] illustrate that much greater accuracy is achieved by Chebyshev expansions than by expansions in other orthogonal functions. They often require periodic boundary conditions in one or two directions as a computational convenience. To avoid the difficulties associated with wave number selection and to make adequate comparisons with experiments, we consider Rayleigh convection in a box. Unfortunately, the box corners introduce singularities ,for fluid flow problems, which destroy the exponential convergence properties of spectral methods.
When natural convection occurs in an infinite layer bounded by two horizontal planes, studies of the nonlinear system show that two-dimensional convection in rolls is Stable [5] . When the fluid is confined by side walls, the first bifurcation produces three-dimensional, steady rolls with the horizontal velocity in the third direction [6] . Davis [6] considered the threedimensional flow for perfectly conducting side walls. However, Kurzweg [7] studied fluid stability for twodimensional natural convection in a rectangular enclosure with insulated side walls. Velte [8] examined the same geometry with perfect conducting walls.
In this paper we reconsider the problem of the stability of a two-dimensional rectangular box of fluid heated from below for both conducting and insulating side walls. While this model is not physical because we prohibit flow in the third direction, the methods we describe can be extended to three-dimensional flows and eventually to the study of transition to turbulence. Our objective is to demonstrate more accurate solutions using Chebyshev spectral methods than those computed previously by other techniques. The critical Rayleigh numbers are determined for various aspect ratios and compared to previous results. We examine the convergence and how it is affected by the corner singularities.
FORMULATION
We consider the motion of a Boussinesq fluid in a two-dimensional rectangular cavity. The direction of gravity is along the y-axis and the fluid is motionless. The base of the rectangle is fixed at a temperature higher than the top. Conditions in the basic state are characterized by zero velocity, a constant temperature gradient, and a constant pressure gradient caused by gravity. An infinitesimal disturbance of the initially quiescent layers is assumed, and non-linear terms are neglected. For the Boussinesq approximation, the differential equations and boundary conditions represent a self-adjoint system, guaranteeing that terms with time derivatives will not appear in the equations governing the perturbations at the point of marginal stability [6, 9] . The length scales of the half-height for the y-direction and half-width for the x-direction are used with a coordinate system in the center of the box so that Chebyshev polynomials can be directly applied. Conservation of linear momentum and energy lead to the following set of non-dimensional equations of the marginal stability state : 
METHOD OF SOLUTfON
The governing equations and boundary conditions constitute an eigenvalue problem for the Rayleigh number. The lowest eigenvalue is the desired critical Rayleigh number. To solve the characteristic value equations for arbitrary aspect ratio, the dependent variables can be expanded in double-truncated series of basis functions that satisfy boundary conditions (lc) and (Id). The tau method is not used because it does not lead to a standard form of the algebraic eigenvalue problem. The eigenfunction expansions are then given by . The use of a true Gale&in method rather than the standard procedure is important since its use ensures that the algebraic system is also self-adjoint and it avoids the problems of complex eigenvalues and spurious roots [lo] . In Section 4 we briefly discuss the poor convergence properties when the inner product with Chebyshev polynomials is used. Our Galerkin procedure requires that where using similar nomenclature to Kurzweg [7] All the collocation points lie in -1 < x < 0 and -1 B y < 0 because of the seethes. The basis functions are again equations (3) and (4) which satisfy the boundary conditions. The pseudospectral algebraic system is formed by requiring that equations (5a) and (5b) are satisfied at all NM collocation points given by equations (9a) and (9b). Refer to ref. [12] for evaluating the derivatives of Chebyshev pol~omiaIs. The pseudospectral algebraic eigenvalue problem is also solved using the EISPACKRGG subroutine. Table 1 shows the convergence of the critical Rayleigh number (RaJ as the number of basis functions are increased for different solution methods. Note the lack of convergence of Ra, when the algebraic system is obtained by taking inner products with the Chebyshev polynomials, i.e. we replace the first two basis functions in the integrands of equations (7) with T~(x)T~(y~. We do not fully understand why the con- that the results from the Galerkin algorithm are more accurate. Table 1 shows results when the truncation in both directions is the same, i.e. N = M. Most results, except those at high aspect ratio will be presented for this case. However, we find that the resolution in the xdirection is more important even at small aspect ratios. For example, for A = 1 and N = 3, h4 = 2, the Ra, improves to 4949.2 compared to Rn, = 4969.6 when N = 2, h4 = 3. For the high aspect ratio results M need not be larger than 3 to obtain the results to the accuracy shown, while N must be as high as 10.
NUMERICAL RESULTS
Figures l-3 show the streamlines and isotherms at the onset of convection obtained by evaluating the Galerkin eigenfunction coefficients for various aspect ratios. Due to symmetry about x = 0, we show only half the domain for the streamIines and isotherms. However, the Chebyshev spectral method converges so rapidly that six significant digit accuracy is obtained with N = 5 for small aspect ratios and N = 6 for aspect ratios up to A = 7 (not shown).
To check the convergence of the critical eigenvalue, we assume that the exact eigenvalue is given using the Galerkin method, quadruple precision (32 digits), and 9 x 9 basis functions. The semi-log plot of Fig. 5 shows Table 1 , gives an estimated converged value of Ru, = 4950. The convergence rate is then approximateiy N-O * for his central second-order finite difference mesh compared to an apparent convergence rate greater than N " for the Galerkin method.
The Galerkin method using double precision shows small oscillations when the number of basis function truncation is greater than 6 x 6. But the Galerkin method using quadruple precision shows no oscil- lation and 9 significant digit accuracy is obtained with N = A4 = 8. The precision error lies in the EISPACK algebraic eigenvalue routine. That is, if we enter matrix coefficients computed from double precision into the more precise eigenvalue routine, we would obtain the quadruple precision results shown in Table  1 and Fig. 5 . However, we have found that we can replicate the quadruple precision results using double precision by normalizing the eigenmatrix such that the maximum coefficient in each row is one. Although eight digit accuracy is obtained without this procedure, it is worth noting that this procedure should be followed for highly accurate solutions even when the matrix is not ill-conditioned. In contrast, no improvement occurs for the pseudospectral or Cheby- shev inner product methods when the same procedure is followed.
Haidvogel and Zang [ 151 show that the spectral coefficients decay algebraically as (n+m)-" for the Poisson equation, which has weak corner singularities of r* logr. For the special case of a right-angled comer, we can use symmetry arguments to show that the singularity of the Helmholtz-type equation we solve here is weaker, i.e. r3 log r. Hence, the coefficients on a log-log plot converge algebraically with order (n + m)-', as shown in Fig. 6 . But the pseudospectral coefficients diverge when n+m is approximately greater than 8. To check for the unexpected divergence, we show the residual of the momentum equation (la) using the most unstable eigenfunction for the Galerkin and pseudospectral methods in Figs. 7-9. ., Galerkin approximation at .Y = -0.99371 (near wall); ---, pseudospectral approximation at x = -0.11196 (near core).
Both methods are shown for 7 x 7 basis functions, A = 1, and perfectly conducting walls. The residuals are shown for the interval -1 < y < 0 because of symmetry. The residuals, like the eigenfunctions, are only determined to within an arbitrary constant. To compare the two different methods, it is important to normalize the two results in the same way. We have done this as indicated by the same magnitude of the lowest order coefficients shown in Fig. 6 . The pseudospectral calculations
show zero residuals at collocation points, as expected (Figs. 7 and 8 ). These calculations are highly accurate for the core, especially near collocation points (Fig. 7) , but produce large (Figs. 8 and 9 ). The Galerkin method gives uniform and small residuals over the interval compared to the pseudospectral method (Figs. 7 and 9 ). We suspect that the poor convergence of the pseudospectral coefficients shown in Fig. 6 is caused by a Runge-like phenomenon near the walls WI. Tables 2 and 3 summarize Ra, computed by the Galerkin method and the corresponding number of convective rolls for various aspect ratios. For aspect ratios less than 1.6, the instability is a single convective roll. At an aspect ratio of 0.5, the Rayleigh number of the first even mode for conducting side walls is 31973.4, whereas the Rayleigh number for the first odd mode is 74465.7. The transition in the number of rolls for conducting and insulated side walls occurs near aspect ratios of 1.6,2.7, 3.7,4.7, and 5.7. Figure  10 shows that the critical Rayleigh number for conducting side walls is always larger than the corresponding one for insulated side walls. The stability curves for either side wall boundary condition peak at the aspect ratios at which the number of rolls increases, alternating between even and odd rolls. Charlson and Sani [9] show the same trend in cylindrical layers of fluid heated from below.
At A = 2, Velte [8] shows three rolls for the lowest eigenvalue (Ra = 2350) and two rolls for the second lowest eigenvalue (Ru = 2470). But our results show two rolls for the lowest eigenvalue (Ra = 2347.5) and three rolls for the second lowest eigenvalue (Ra = 2570.3). At aspect ratios of 1.3 and 1.5, our critical Rayleigh numbers are higher than those of Velte. Our Gale&in results converge to the ten digits shown on Table 1 with as little as 9 x 9 degrees of freedom and converge to the correct solution from above (i.e. they overpredict Ru,) as expected from the self-adjoint system.
We also note that our high aspect results seem to converge to that of the infinite layer Ru, of 1707.8 with a 0.99217 aspect ratio of individual cells. The aspect ratio of the cells next to the walls adjusts to fit the enclosure geometry as shown in Fig. 3 . Hence one can determine the stabilizing effects of the side walls for thin cavities to determine the suitability of using the more simple periodic boundary conditions. These large aspect ratio results would not be possible without a very efficient numerical scheme. We have obtained results for very large aspect ratios with Ru, less than the periodic case. For example, for A = 21 we obtain Ru, = 1686.3 and 1685.7 for conducting and insulating side walls, respectively. Further work is required since equation (8) is not formally self adjoint and hence can allow complex eigenvalues. We occasionally obtain complex eigenvalues when A becomes large. Also, some computations for large A do not converge from above as N and Mare increased as expected from the Galerkin method. Hence, these smaller Ru, are suspect and it is not clear what physical mechanism could be enhancing the instability.
CONCLUSIONS
The Chebyshev spectral method as applied here is shown to be very accurate at determining the onset of two-dimensional natural convection in a box. When a full Galerkin method is used, six digit accuracy is obtained using as little as 5 x 5 basis functions for the temperature and stream function. Critical Rayleigh numbers are compared with those predicted by previous investigators. This appears to be an example where the corner singularity can be ignored while obtaining superb convergence to engineering accuracy [3] as long as the Galerkin method is used.
Very surprisingly, the pseudospectral approach failed for this eigenvalue problem. Although the eigenfunction problem is satisfied at the collocation points, the solution appears to 'resonate' with large residuals between collocation points, especially near the boundaries. These solutions do not converge. Similarly, forming the algebraic system using Chebyshev inner products rather than using basis functions that satisfy the boundary conditions also produce spurious eigenvalues and non-converging results. This is unfortunate, since the Galerkin method is the most difficult to implement. The failures of these other two methods are important to understand and further study is required. However, the extension of the Galerkin approach for more complex geometries using spectral elements or mapping should be straightforward.
